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RATIONAL CURVES ON ELLIPTIC K3 SURFACES
SALIM TAYOU
Abstract. We prove that any non-isotrivial elliptic K3 surface
over an algebraically closed field of arbitrary characteristic contains
infinitely many rational curves. This result was previously known
in characteristic zero due to the work of Bogomolov and Tschinkel.
1. Introduction
Let X be a K3 surface over an algebraically closed field k. In [BT00,
Corollary 3.28], Bogomolov and Tschinkel prove that when the charac-
teristic of k is zero and X admits a non-isotrivial elliptic fibration then
X contains infinitely many rational curves. In this note, we extend
their result to the case where k has positive characteristic by different
and simpler arguments.
Theorem 1.1. If X admits a non-isotrivial elliptic fibration, then X
contains infinitely many rational curves.
In characteristic zero, this is the content of [BT00, Corollary 3.28].
When k has positive characteristic, the main ingredients are a result
on the image of ℓ-adic monodromy representations associated to non-
isotrivial 1-dimensional families of elliptic curves (Proposition 2.6) and
an existence result of separable rational multisections (Lemma 2.4).
The proof is inspired from [BT00], though we simplify some arguments
presented there. This note is split into three parts. In the first section,
some background on elliptic K3 surfaces is recalled. Then the main
result for K3 surfaces which are not supersingular in the sense of Shioda
(see 3) is proved in the second section. The last section covers the case
of K3 surfaces whose automorphism group is infinite, which includes
supersingular K3 surfaces.
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2. Elliptic K3 surfaces
Let k be an algebraically closed field of positive characteristic and
P
1
k the projective line over k. We recall some facts about elliptic K3
surfaces. For a more comprehensive introduction, see [Huy16, Chapter
11].
An elliptic K3 surface is a K3 surface X together with a surjective
morphism of schemes X
π
−→ P1k such that the geometric generic fiber
is a smooth integral curve of genus one. If moreover the morphism π
admits a section, then X is said to be a Jacobian elliptic K3 surface.
The fibration is said to be non-isotrivial if not all the smooth fibers
are isomorphic. Equivalently, for Jacobian elliptic K3 surfaces, the
condition is that the j-invariant of the generic fiber is not in k.
2.1. Tate-Shafarevitch group. Let X
π
−→ P1k be an elliptic K3 sur-
face, and let J(X)→ P1k be the Jacobian elliptic K3 surface associated
to X (see [Huy16, Chap.11, Section 4.1] or [CD89, Chap.5, Section 3]).
It has the property that for every smooth fiber Xt, t ∈ P
1, the fiber
J(X)t is isomorphic to the Jacobian elliptic curve associated to Xt. Let
J(X)sm ⊂ J(X) be the open set of π-smooth points, viewed as a smooth
group scheme over P1k. Then the open π-smooth locus X
sm → P1k is
a J(X)sm-torsor over P1k. Hence for an arbitrary Jacobian elliptic K3
surface Y → P1k, define the Tate-Shafarevich group X(Y ) as the set
of isomorphism classes of Y sm-torsors over P1k. The group structure on
X(Y ) depends on the choice of the section, however the isomorphism
class does not.
Proposition 2.1 (Chap.11, Section 5.2, 5.5(i), 5.6 [Huy16]). Let X →
P
1
k be a Jacobian elliptic K3 surface. The Tate-Shafarevitch group is
isomorphic to the following groups:
(1) The Brauer group of X.
(2) The Weil-Châtelet group of the generic fiber of X → P1k.
Recall that for an elliptic curve E over a field K, the Weil-Châtelet
group, denoted WC(E), is defined as the set of isomorphism classes of
torsors under E, see [Huy16, Chapter 11, Section 5.1].
2.1.1. For every positive integer d, let Jd(X)
πd−→ P1k be the elliptic K3
surface constructed in [Huy16, Chap.11, Remark 4.1] (see also [CD89,
Thm. 5.3.1]). It has the property that that for every smooth fiber
Xt, t ∈ P
1
k, J
d(X)t is isomorphic to Pic
d(Xt). Moreover, one has an
isomorphism
3X J1(X)
P
1
k
∼
π1π
and J(Jd(X)) ≃ J(X). In addition, the class [Jd(X)] of Jd(X) in
Br(J(X)) is equal to d[X ].
2.1.2. For every integers d, d′, we have natural rational maps of alge-
braic varieties
Jd(X)×P1
k
Jd
′
(X) Jd+d
′
(X)
P
1
k
For a positive integer m, the diagonal embedding
J1(X)→ J1(X)×P1
k
· · · ×P1
k
J1(X)︸ ︷︷ ︸
m times
defines a rational map ηm which fits into the following commutative
diagram
J1(X) Jm(X)
P
1
k
ηm
πmπ
The map ηm is defined over the smooth locus of π.
2.2. Rational curves. Let X be a K3 surface over k. A rational
curve on X is an integral closed subscheme C of dimension 1 and of
geometric genus 0. Recall the following existence result, attributed to
Bogomolov and Mumford, with a mild refinement of Li and Liedtke
([LL12, Theorem 2.1]).
Proposition 2.2 (Bogomolov-Mumford). Let L be a non-trivial effec-
tive line bundle on a K3 surface X over k. Then L is linearly equivalent
to a sum of effective rational curves.
2.3. Relative effective Cartier divisors.
Definition 2.3. Let X → P1k be an elliptic K3 surface. A relative
effective Cartier divisor on X/P1k is a closed subscheme M on X such
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that M→ P1k is finite flat. If moreover M is irreducible, it is called a
multisection.
Given an elliptic K3 surface X and a multisectionM on X, the map
M→ P1k is finite flat and its degree is by definition the degree of M.
2.3.1. Let X0 be a smooth fiber of X → P
1
k over a point 0 ∈ P
1
k. Then
we have a map given by the intersection product
Pic(X)
(X0, )
−−−→ Z.
It sends any multisection to its degree. The image of the above map is
a non-zero subgroup of Z, of finite index. Denote by dX its index. It
is called the degree of X.
Lemma 2.4. Let X → P1k be an elliptic K3 surface.
(1) The order of [X ] in Br(J(X)) is equal to dX .
(2) Every multisection of degree dM = dX is rational.
(3) There exists at least one multisection M such that dM = dX
and which is moreover generically étale over P1k.
Proof. For (2), let M be a multisection of degree dX . By Proposition
2.2, M is linearly equivalent to a sum of rational curves
∑
i Ci. Then
there exists a unique curve Ci which is horizontal and all the others are
vertical. Let ηCi and ηM be the generic points of Ci andM respectively.
Then ηCi and ηM are linearly equivalent inXη, the fiber over the generic
point η of P1k. Since Xη is a smooth proper curve of genus 1, ηCi and
ηM must be equal and taking their closure yields the result.
For (1), notice that Xη is a torsor under the elliptic curve J(X)η and
that dX is the index of Xη, i.e is the greatest common divisor of the
degrees of residue fields of closed points of Xη (see [Lic68, 1]). Since
the order of Xη inWC(J(X)η) is equal to its index by [Lic68, Theorem
1], it implies that the order of [X ] is exactly dX . By [Lic68, Section
5, Theorem 4]1, it is also equal to the minimal degree of residue fields
of separable closed points. Hence there exists a closed separable point
in Xη of degree dX . Taking its closure yields a separable multisection
which is necessarily rational by (2). This proves (3). 
Remark 2.5. One can compare (3) to the result of Bragg and Lieblich
in [BL18, 5.2] which asserts that on a supersingular K3 surface, there
exists always an inseparable multisection of degree p.
2.4. Monodromy. Let X
π
−→ P1k be an elliptic K3 surface. Let U be
the largest Zariski open subset of P1 over which the map π is smooth.
Thus XU → U is a torsor under the smooth group scheme J(X)U → U .
For b ∈ U a closed point and m prime to p := char(k), the étale
1More precisely, see the proof given there.
5fundamental group πét1 (U, b) of U acts on the group of m-torsion points
in J(X)b and defines a group morphism
ρ : πét1 (U, b)→ Aut
(
lim
←−
gcd(m,p)=1
J(X)b[m]
)
=
∏
gcd(ℓ,p)=1
Aut(TℓJ(X)b).
This action preserves the Weil paring and factors as follows:
ρ : πét1 (U, b)→
∏
ℓ∧p=1
SL(TℓJ(X)b).
For every prime ℓ, we denote by ρℓ∞ the representation of π
ét
1 (U, b)
on the Tate module TℓJ(Xb) and denote by ρℓ its reduction modulo
ℓ. Then ρℓ∞ is simply the projection on the ℓ-factor in the previous
map. The monodromy group Γ is the image of πét1 (U, b) under ρ. The
next result on the image of the monodromy group will be crucial in the
proof of Theorem 1.1.
Proposition 2.6 ([CH05]). If the elliptic fibration is not isotrivial,
then there exists a constant c(k) depending only on k, such that for
every ℓ > c(k) the morphism ρℓ is surjective.
This is the content of [CH05, Theorem 1.1] where the surjectivity is
proven for the reduction modulo ℓ, then one uses Lemma 2 in [Ser98,
IV-23].
3. Proof of Theorem 1.1
In this part we assume that X is not Shioda supersingular, in the
sense that the rank ρ(X) of the Picard group of X satisfies ρ(X) ≤ 20.
For the remaining case, see Corollary 4.3 below. The class of X in the
Brauer group Br(J(X)) is a sum of two elements αp + α, where α has
torsion prime to p and αp is torsion of order p
a, for some integer a. Here
p is the characteristic of k. We will construct a rational multisection
on X of arbitrary large degree which will be enough to prove Theorem
1.1. Denote by dX the degree of X and let ℓ be a prime number with
residue 1 (mod pa) and such that ℓ > max(dX , c(k)), where c(k) is
given by Proposition 2.6. The prime to p torsion part of Br(J(X)) is
a divisible group by [Huy16, Chap. 18, Example 1.5]. The Kummer
exact sequence and the assumption on the supersingularity ensures
furthermore that it is not trivial (see formula (1.8) loc. cit). We can
thus find an elliptic K3 surface πℓ : Xℓ → P
1 such that J(Xℓ) ≃ J(X),
ℓ[Xℓ, πℓ] = [X, π] in Br(J(X)) and dXℓ = ℓdX . Take for instance αp+αℓ,
where αℓ is a non-trivial element in Br(J(X)) which satisfies ℓ.αℓ = α.
Hence Jℓ(Xℓ) ≃ X and we have a rational map:
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XXℓ
P
1
k
ηℓ
ππℓ
By Lemma 2.4(2)-(3), Xℓ contains a rational generically étale multi-
section Mℓ of degree dMℓ = dXℓ = ℓdX . If the restriction of ηℓ to Mℓ
is isomorphic to its images above P1k then ηℓ(Mℓ) is a rational curve
on X of degree divisible by ℓ which is the desired result. Otherwise,
since the multiplication by ℓ map is étale (by [Gro62, Théorème 2.5]),
there exists infinitely many closed points b in the maximal open subset
U ⊂ P1k where π is smooth, Mℓ,U → U is étale and two distinct points
P1, P2 in Xℓ,b∩Mℓ such that ℓ.(P1−P2) = 0 in J(X)b. Thus, the point
P1−P2 is a ℓ-primitive torsion point in J(X)b. Let J(X)U [ℓ]→ U be the
relative effective Cartier divisor of J(X)U → U of ℓ-torsion points. For
ℓ sufficiently large, it has two irreducible components by Proposition
2.6: the zero section and J(X)U,prim[ℓ], the relative effective Cartier
divisor of primitive ℓ-torsion points. Since Xℓ,U is a J(X)U -torsor over
U , there is an induced map:
J(X)U,prim[ℓ]×Mℓ,U → Xℓ,U
The closure of the image in Xℓ is a curve of Xℓ which intersects Mℓ
infinitely many times by the non-injectivity of ηℓ. HenceMℓ is isomor-
phic to an irreducible component of J(X)U,prim[ℓ] ×Mℓ,U and via the
ifrst projetion it is surjective over J(X)U,prim[ℓ]. Since there are ℓ
2 − 1
torsion points in each fiber of J(X)U,prim[ℓ] over U , this implies
dMℓ = ℓdX ≥ ℓ
2 − 1.
This is a contradiction by our assumption on ℓ.
4. Case of infinite automorphism group
We give here a proof of Theorem 1.1 in the case where the auto-
morphism group of the given K3 surface is infinite. This includes K3
surfaces which are supersingular in the sense of Shioda. This is a well-
known result (see [Huy16, Chap. 13, Remark 1.6]) and we include here
an argument for the sake of completeness. By a theorem of Liedtke
([Lie15]), Shioda’s conjecture holds, namely supersingular K3 surfaces
are unirational. The proof we give here does not use this powerful
theorem.
Proposition 4.1. Let X a K3 surface over an algebraically closed
field k. Suppose that the automorphism group of X is infinite. Then
X contains infinitely many rational curves.
7Proof. Assume the converse. Let S = {C1, . . . , Cr} be the finite set
of rational curves on X. Then Aut(X) acts on S and defines a ho-
momorphism ρ : Aut(X) → Sr, where Sr is the symmetric group over
r elements. Let g be an element in the kernel of ρ. Then g fixes all
the rational curves. By 2.2, every non-trivial effective divisor is lin-
early equivalent to a sum of rational curves. Hence g acts trivially on
Pic(X). It follows that the kernel of ρ is contained in the kernel of the
morphism Aut(X)→ O(Pic(X)). The latter is finite by [Huy16, Chap-
ter 15, Remark 2.2]. Hence ρ has finite kernel and obviously a finite
image and this imply that Aut(X) is finite, which is excluded. 
Corollary 4.2. Let X be a K3 surface which admits a projective lift
over some finite extension of the ring of Witt vectors of k whose geo-
metric generic fiber has infinite automorphism group. Then X contains
infinitely many rational curves
Proof. Let R be a discrete valuation ring with algebraically closed
residue field k. Let K = Frac(R) be its fraction field and K be an alge-
braic closure of K. Let π : X → Spec(R) be a projective lift of X over
some finite extension R of W (k) such that Aut(XK) is infinite. Then
by [LM11, Theorem 2.1], we have an injection σ : Aut(XK)→ Aut(Xk)
and we conclude by 4.1. 
Corollary 4.3. Let X be a K3 surface with Picard number ≥ 20. Then
X has infinitely many rational curves.
Proof. If the Picard number of X is equal to 22, then by [KS14, Section
5] the automorphism group of X is infinite and the result follows from
Proposition 4.1. If the Picard rank of X is equal to 20, then the height
of X is finite and by [Huy16, Chapter 5, Proposition 5.6], X admits a
projective lift X → Spec(W (k)) such that the geometric generic fiber
has Picard rank equal to 20. By [SI77], the automorphism group of
XK is infinite. Hence by 4.2 X has infinitely many rational curves. 
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